Cup products on the complete relative cohomologies of finite groups and group algebras (Cohomology of Finite Groups and Related Topics) by 眞田, 克典
Title
Cup products on the complete relative cohomologies of finite
groups and group algebras (Cohomology of Finite Groups and
Related Topics)
Author(s)眞田, 克典




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Cup products on the complete relative cohomologies of finite




Frobenius algebra Frobenius extension ( )
. :.. .$\cdot$,. .$\cdot$..:. ..
$G$ Tate cohomology $\hat{H}^{n}(G, M)$ $d(\geq 1, \in \mathbb{Z})$




1. Tate cohomology (complete cohomology).
: $\hat{H}^{n}(G, M)\cong\hat{H}-n-1(c$ ,
$M)$ for any $n\in \mathbb{Z}$ .
2. Cup product. $\cup:\hat{H}^{n}(G, M)\otimes\hat{H}^{m}(G, N)arrow\hat{H}^{n+m}(G, M\otimes N)$
cohomology ring $\hat{H}^{*}(G, \mathbb{Z}):=\oplus_{n\in \mathbb{Z}}\hat{H}^{n}(G, \mathbb{Z})$
. .
3. Duality Theorem.
$\gamma_{n,-n}$ : $\hat{H}^{n}(G, \mathbb{Z})arrow \mathrm{H}_{\mathrm{o}\mathrm{m}}(\hat{H}^{-n}(G, \mathbb{Z}),\hat{H}^{0}(G, \mathbb{Z}, ))$
$\gamma_{n,-n}(\alpha)(\beta)=\alpha\cup\beta$
–
dimension-shifting $0$ $-1$ $([\mathrm{c}_{-}\mathrm{E}])$
– cap product
(Brown [Br])
4. (Artin-Tate). $\alpha(\in H^{n}(G, \mathbb{Z}))$ : . .
1. There exists $\beta\in\hat{H}^{-n}(G, \mathbb{Z})$ such that $\alpha\cup\beta=1$ . (i.e. $\alpha$ is an invertible element in
$\hat{H}^{*}(G, \mathbb{Z}))$
2. $\alpha\cup$ –: $\hat{H}^{m}(G, M)arrow\hat{H}^{n+m}(G, M)$ is an isomorphism for any integer $m$ and any
$G$-module $M$ .
3. $\alpha\cup-:\hat{H}^{0}(G, \mathbb{Z})arrow\hat{H}^{n}(\check{G}, \mathbb{Z})$ is an isomorphism.
4. ord $\alpha=|G|$ ( $\alpha$ is a maximal generator)
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$4\Rightarrow 1$ Duality Theorem
5. $G$ . ... $\hat{H}^{n}(G, M)$ $G$ abelian subgroup
$G$ Sylow subgroup
–
– 2 complete resolution
2
2 Frobenius Algebra
finitely generated free Frobenius $R$-algebra $\Lambda$ ( \Lambda -
$\Lambda\cong \mathrm{H}\mathrm{o}\mathrm{m}_{R}(\Lambda, R)$ )
– Frobenius extension
1. Complete cohomology. 1957 Nakayama [Na] complete cohomology $\hat{H}^{n}(\Lambda, A)$
for $n\in \mathbb{Z}$ Hochschild [H] [C-E] cohomology $H^{n}(\Lambda, A)$
for $n\geq 0$ – $\hat{H}^{n}(\Lambda, A)=H^{n}(\Lambda, A)$ for $n\geq 1.,’\hat{H}^{0}(\Lambda, A)=$
$A^{\Lambda}/N_{\Lambda}(A)$
complete homology $\hat{H}_{n}(\Lambda, A)$
Nakayama automorphism $\Delta$ modify homology
; $\hat{H}^{n}(\Lambda, A)\cong\hat{H}^{\Delta}-n-1(\Lambda, A)$ for any $n\in \mathbb{Z}$ .
2. Cup product. $\cup:\hat{H}^{n}(\Lambda, A)\otimes\hat{H}^{m}(\Lambda, B)arrow\hat{H}^{n+m}(\Lambda, A\otimes_{\Lambda}B)$ (1992, Sanada
[Sl, $\mathrm{S}2|$ ) cohomology ring $\hat{H}^{*}(\Lambda, \Lambda):=\oplus..{}_{n\in \mathbb{Z}}\hat{H}^{n}(\Lambda, \Lambda)$.. $\Lambda$ Frobenius extension $\Gamma$ restriction map ${\rm Res}:\hat{H}^{n}(\Gamma,.A\sim.):arrow\hat{H}^{n}.(.\Lambda, A)$
corestriction map Cor: $\hat{H}^{n}(\Lambda, A)arrow\hat{H}^{n}(\Gamma, A)$
3. Duality. $\gamma_{n,-n}(\alpha)(\beta)=\alpha\cup\beta$
$\gamma_{n,-n}$ : $\hat{H}^{n}(\Lambda, \Lambda)arrow \mathrm{H}_{\mathrm{o}\mathrm{m}_{Z\Lambda}}(\hat{H}^{-}n(\Lambda, \Lambda),\hat{H}^{0_{(\Lambda,\Lambda))}}$.
$Z\Lambda$ $\Lambda$ case: $\Lambda$ complete
local field commutative separable algebra maximal $R$-order($\mathrm{f}$. $\mathrm{g}$ . free)
4. . $\alpha(\in\hat{H}^{n}(\Lambda, \Lambda))$ $1\Rightarrow 2\Rightarrow 3$ $3\Rightarrow 1$ “Duality
Theorem”
1. There exists $\beta\in\hat{H}^{-n}(\Lambda, \Lambda)$ such that $\alpha\cup\beta=1$ . (i.e. $\alpha$ is an invertible element in
$\hat{H}^{*}(\Lambda, \Lambda))$
2. $\alpha\cup-:\hat{H}^{m}(\Lambda, A)arrow\hat{H}^{n+m}(\Lambda, A)$ is an isomorphism of $Z\Lambda$-modules for any integer $m$
and any two-sided $\Lambda$-module $A$ .
3. $\alpha\cup-:\hat{H}^{0}(\Lambda, \Lambda)arrow\hat{H}^{n}(\Lambda, \Lambda)$ is an isomorphism of $Z\Lambda$-modules.
5. $\Lambda$ . . ..
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1. central.simple algebra maximal order 2
; complete local case 2 complete resolution
(1968, Bobovich, Faddeev [Bo-F]; 1992, Larsen [Ll; $\mathrm{L}2]$ ) degree 2
invertible element .
2. complete local case central simple algebra minimal hereditary order
$\text{ }2$ ; degree 2 invertible element
..
(1995, Sanada [S4])
$\mathbb{Z}$ quaternion algebra (1993,
Sanada [S3] $)$ .
$\Lambda$ $\mathbb{Z}G$ $\hat{H}^{n}(\mathbb{Z}G, A)\cong\hat{H}^{n}(G, \psi A)$
$\Lambda$- $A$ $\psi A$ G-conjugation
G-
(1997, Nozawa, Sanada [No-S]) $\hat{H}^{n}(\mathbb{Z}G, A)\cong\hat{H}^{n}(G, \psi A)$ cup product
$\hat{H}^{*}(\mathbb{Z}G, \mathbb{Z}G)\cong\hat{H}^{*}(G, \psi \mathbb{Z}G)$
$\}$
cohomology ring $\hat{H}^{*}(\mathbb{Z}G, \mathbb{Z}G)$ degree $n$ invertible element




$\Lambda$ $R$ $\Gamma/\Lambda$ Frobenius extension
$\Gamma$ $\Lambda$ \not\subset - $\Gamma-$ , $\Lambda-$ $\tau\cong \mathrm{H}\mathrm{o}\mathrm{m}_{\Lambda(\Lambda)}\tau$,
Onodera [O] $\Gamma$ complete relative
$(\Gamma\otimes_{R}\Gamma^{\circ \mathrm{p}\mathrm{P}}.’.\Lambda\otimes_{R}\Lambda^{\mathrm{o}\mathrm{p}}\mathrm{p})- \mathrm{P}\mathrm{r}..0.\cdot \mathrm{j}\mathrm{e}.\mathrm{c}\mathrm{t}$.ive
resolution $x_{\mathrm{r}/\Lambda}$
1. Complete relative cohomology. $x_{\mathrm{r}/\Lambda}$ $F$- $A$ complete






complete relative (co)homology $\hat{H}^{n}(G, H, M)\cong$
$\mathrm{A}_{-n-1}(G, H, M)$ ([H] )
2. Cup product. $\cup:\hat{H}^{n}(\Gamma, \Lambda, A)\otimes\hat{H}^{m}(\Gamma, \Lambda, B)arrow\hat{H}^{n+m}(\tau, \Lambda, A\otimes \mathrm{r}B)$
.
$([\mathrm{N}\dot{\mathrm{o}}1$ ,
$\mathrm{N}\mathrm{o}2])$ relative cohomology ring
$t$
$\hat{H}^{*}(\Gamma, \Lambda, \Gamma):=\bigoplus_{n\in \mathbb{Z}}\hat{H}n(\tau,.\Lambda, \Gamma)$
3. Duality. cohomology homology “Duality Theorem”
69
4. .
5. $\Lambda$ . . . .
$G$ $H$ $\Gamma=\mathbb{Z}G,$ $\Lambda=\mathbb{Z}H$ $\hat{H}^{n}(\mathbb{Z}G, \mathbb{Z}H, A)\cong$
$\hat{H}^{n}(G, H_{\psi},A)$ Adamson [A] Hochschild [H]
relative cohomology :’
(1997, Nozawa, Sanada $[\mathrm{N}\mathrm{o}^{-}\mathrm{S}]$ ) $\hat{H}^{n}(\mathbb{Z}G, \mathbb{Z}H, A)\cong\hat{H}n(G, H_{\psi},A)$ cup product
$\hat{H}^{*}(\mathbb{Z}G, \mathbb{Z}H, \mathbb{Z}G)\cong\hat{H}^{*}(G, H, \psi \mathbb{Z}G)$
relative cohomology ring $\hat{H}^{*}(\mathbb{Z}G, \mathbb{Z}H, \mathbb{Z}G)$ degree $n$ invertible element
relative cohomology ring $\hat{H}^{*}(G, H, \mathbb{Z})$ degree $n$ invertible element
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